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Abstract
By using the relations between the slow-roll parameters and the power spectrum for the single
field slow-roll inflation, we derive the scalar spectral tilt ns and the tensor to scalar ratio r for the
constant slow-roll inflation and obtain the constraint on the slow-roll parameter η from the Planck
2015 results. The inflationary potential for the constant slow-roll inflation is then reconstructed in
the framework of both general relativity and scalar-tensor theory of gravity, and compared with
the recently reconstructed E model potential. In the strong coupling limit, we show that the η
attractor is reached.
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I. INTRODUCTION
The observational result on the scalar spectral tilt ns = 0.9645± 0.0049 (68% CL) [1, 2]
implies that ns − 1 ≈ −2/N , where N is the number of e-folds before the end of inflation
and we choose N = 60. So it is natural to parameterize observables ns and r with N . The
parametrization of the slow-roll parameter  by N [3] was used to discuss the observables
ns and r and the sub-Planckian field excursion [4–9]. Mukhanov used the simple power-law
parametrization (N) = β/(N + 1)α to reconstruct the class of inflationary potentials [10].
The reconstruction of inflationary potentials were then discussed by many researchers [11–
29]. In this reconstruction method, the observables ns and r are derived straightforwardly
once we specify the parametrization and the parameters can be constrained from observa-
tional data even before we derive the potentials [25]. Furthermore, the class of potentials
are reconstructed in the full form, not just the first few terms in Taylor expansion [30–37].
Since the parametrization in terms of N works on the observable scale only, so there are
some shortcomings on the reconstruction method [14, 38].
On the other hand, the attractor ns = 1 − 2/N and r = 12/N2 can be derived from
the T model [39], E model [40], the Higgs inflation with the nonminimal coupling ξψ2R
in the strong coupling limit ξ  1 [41, 42], the more general potential λ2f 2(ψ) with the
nonminimal coupling ξf(ψ)R for arbitrary functions f(ψ) in the strong coupling limit [43],
and the Starobinsky model R + R2 [44]. The above attractor was also generalized to the
so called α attractor with ns = 1 − 2/N and r = 12α/N2 [45–47]. Due to the arbitrary
nonminimal coupling Ω(φ) = 1 + ξf(φ) and the conformal transformation between Joran
frame and Einstein frame, the general scalar-tensor theories of gravity in Jordan frame can
be brought into Einstein gravity plus canonical scalar field minimally coupled to gravity in
Einstein frame. Therefore, in general, it is possible to obtain any attractor from general
scalar-tensor theories of gravity [26, 48].
In this paper, we discuss the constant slow-roll inflationary model [49–51]. If the slow-roll
parameter  is constant, then the other slow-roll parameter η is 0 and inflation won’t never
stop. So the constant slow-roll inflationary model means that η is a constant, here η can be
either the slow-roll parameter defined by the Hubble parameter or the potential. We recon-
struct the class of inflationary potentials for the constant slow-roll inflation in the framework
of both general relativity and scalar-tensor theory of gravity. We also fit the parameter η
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to the observational data given by Planck observations [1, 2]. The paper is organized as
follows. In Sec. II, we give the general formula and procedure for the reconstruction of
the potentials with constant η and compare the potential with the reconstructed E model
potential in [52]. We conclude the paper in Sec. III.
II. THE CONSTANT SLOW-ROLL INFLATIONARY MODEL
For the constant slow-roll inflationary model [49–51], η is a constant and |η| < 1,
η =
1
V
d2V
dφ2
, (1)
where the reduced Planck mass Mpl =
√
1/(8piG) = 1. It is easy to see that the potential
takes the form
V (φ) =

Ae
√
ηφ +Be−
√
ηφ, 1 > η > 0
A+Bφ, η = 0
A cos(
√−η φ) +B sin(√−η φ), −1 < η < 0.
(2)
In the following, we use the reconstruction method to determine the integration constants
A and B.
From the relation
2η =
d ln 
dN
+ 4, (3)
we get the solution
(N) =
ηe2ηN
Dη + 2e2ηN
, (4)
where D is an integration constant. In this paper, we assume the constant parametrization
is valid during the whole inflation. At the end of inflation, N = 0, (N = 0) ≈ 1, so
D = 1− 2/η. The slow-roll parameter (4) becomes
(N) =
ηe2ηN
η − 2 + 2e2ηN , (5)
and it has only one parameter η. Note that the sign of the denominator η − 2 + 2e2ηN in
Eq. (5) is the same as that of η. The tensor to scalar ratio r is
r = 16 =
16ηe2ηN
η − 2 + 2e2ηN , (6)
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and the scalar spectral tilt ns is
ns = 1 + 2η − 6 = 1 + 2η(η − 2− e
2ηN)
η − 2 + 2e2ηN . (7)
To get the constraint on the slow-roll parameter η, we compare the results obtained from
Eqs. (6) and (7) with the Planck 2015 observations [2], and the results are shown in Fig.
1. For N = 60, the 1σ constraint is −0.018 < η < −0.0067, the 2σ constraint is −0.021 <
η < 0.0015, and the 3σ constraint is −0.023 < η < 0.01. For N = 50, the 1σ constraint is
−0.014 < η < −0.0039, the 2σ constraint is −0.018 < η < 0.0068, and the 3σ constraint is
−0.02 < η < 0.0168. Since the denominator in Eq. (5) becomes zero when η = 0, i.e., η = 0
is a singular point, so we take Taylor expansion of (N) around η = 0,
 ≈ 1
1 + 4N
. (8)
Plugging the result (8) into Eqs. (6) and (7), we get
ns ≈ 1− 6
1 + 4N
,
r ≈ 16
1 + 4N
.
(9)
When η = 0, (ns, r) equal to (0.97, 0.08) for N = 50 and (0.975, 0.067) for N = 60, respec-
tively.
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FIG. 1. The marginalized 68%, 95% and 99.8% confidence level contours for ns and r0.002 from
Planck 2015 data and the observational constraints on the constant slow-roll inflationary model.
The black solid and magenta dashed lines correspond to N = 50 and N = 60, respectively, η
increases along the arrow direction, and the big dots denote the values of ns and r when η = 0.
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From the definition of the slow-roll parameter , we get
dφ =
dV/dφ
V
dN = ∓
√
2dN, (10)
where the sign ± depends on the sign of the first derivative of the potential and the scalar
field is normalized by the reduced Planck mass Mpl = 1. So
φ− φe = ±
∫ N
0
√
2(N)dN, (11)
Substituting Eq. (5) into Eq. (11), we get
φ =

1√
η
arctanh
(√
1− (2− η)e−2ηN/2
)
, η > 0,
1√−η arctan
(√−1 + (2− η)e−2ηN/2) , η < 0. (12)
and the value φe of the scalar field at the end of inflation
φe =

1√
η
arctanh
(√
η/2
)
, η > 0,
1√−η arctan
(√−η/2) , η < 0. (13)
From the definition of the slow-roll parameter and the relation (10), we get [19, 25]
 =
1
2
dV/dφ
V
dφ
dN
=
1
2
d lnV
dN
. (14)
Plugging Eq. (5) into Eq. (14), we get
V (N) = V˜0
√
|2− η − 2e2ηN |. (15)
Combining Eqs. (12) and (15), we get the reconstructed potential in general relativity
V (φ) = V0 sin(
√−ηφ), (16)
where V0 = V˜0/
√−η. Note that if η > 0, then the function sin becomes the function sinh.
From Fig. 1, we find that η > 0 is inconsistent with the observations at the 1σ level, so
in the following we consider η < 0 only. From Eqs. (12) and (13), we get the field excursion
∆φ = φ∗ − φe = 1√−η
[
arctan
(√
−1 + 2− η
2
e−2ηN
)
− arctan
(√−η
2
)]
. (17)
From Eq. (17), if we take η = −0.015 and N = 60, we get the super-Planckian field excursion
∆φ = 8.715 which is bigger than the Lyth bound [4] N
√
r/8 = 3.256.
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Now we compare the potential V (φ) = V0 sin(
√−ηφ) with the reconstructed E model
potential [52]
V (φ) = V0
(
1− ed2φ/d1)2 , (18)
where
d1 =
1
2
√
r
2
, d2 =
1
3
[
9r
16
− 3
2
(1− ns)
]
. (19)
Take η = −0.015, we show the reconstructed potentials (16) and (18) in Fig. 2. It is clear
that the reconstructed potentials are consistent in the observable scale.
V(ϕ)=V0sin( -η ϕ)
V(ϕ)=V0(1-ed2 ϕ/d1)2
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FIG. 2. The comparison between different reconstructed potentials with η = −0.015. The black
solid line denotes our reconstructed potential (16) and the red dashed line denotes the reconstructed
E model potential (18) in [52].
For the scalar field minimally coupled to gravity in Einstein frame, after the the conformal
transformation between the metric g˜µν and the scalar field ψ in Jordan frame and the metric
gµν and the scalar field φ in Einstein frame,
gµν = Ω(ψ)g˜µν , (20)
dφ2 =
[
3
2
(dΩ/dψ)2
Ω2(ψ)
+
ω(ψ)
Ω(ψ)
]
dψ2, (21)
we get the action for scalar-tensor theory in Jordan frame
S =
∫
d4x
√
−g˜
[
1
2
Ω(ψ)R˜(g˜)− 1
2
ω(ψ)g˜µν∇µψ∇νψ − VJ(ψ)
]
, (22)
where VJ(ψ) = Ω
2(ψ)V (φ). If the conformal factor satisfies the strong coupling condition
Ω(ψ) 3(dΩ(ψ)/dψ)
2
2ω(ψ)
, (23)
6
then we get
φ ≈
√
3
2
ln Ω(ψ), Ω(ψ) ≈ e
√
2/3φ. (24)
For simplicity, we take Ω(ψ) = 1 + ξf(ψ) and use the above approximate relations (24) in
the strong coupling limit to reconstruct the potential VJ [ψ(φ)] in Jordan frame. For this
specific choice of Ω(ψ) with f(ψ) = ψk, the strong coupling conditions (23) and (24) become
[27]
ξ 
(
2
3k2
)k/2 (
e
√
2/3φ − 1
)1−k
exp
(√
1
6
kφ
)
. (25)
Therefore, in the strong coupling limit, we get the reconstructed potential of the constant
slow-roll inflation in the framework of scalar-tensor theory of gravity,
VJ(ψ) = V0Ω
2(ψ) sin
(√
−3η
2
ln Ω(ψ)
)
. (26)
Note that the function Ω(ψ) = 1 + ξf(ψ) is arbitrary, so we obtain the constant slow-
roll inflationary attractor (6) and (7) from the above potential (26) in the strong coupling
limit (23), we call this attractor the η attractor. In Fig. 3, we take ω(ψ) = 1, N = 60,
η = −0.015 and f(ψ) = ψk with k = 1/5, 2/3, 1, 3/2 and 5 as examples to show the η
attractor ns = 0.961 and r = 0.024 in the strong coupling limit. From Eq. (25), we find
that the strong coupling limit requires ξ  1933 for k = 1/5 and ξ  0.0013 for k = 5, the
dependences of ns and r on the coupling constant ξ are shown in Figs. 4 and 5. The results
confirm the strong coupling condition (25).
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FIG. 3. The numerical results of ns and r for the reconstructed potential (26). We take ω(ψ) = 1,
N = 60, η = −0.015 and f(ψ) = ψk with k = 1/5, 2/3, 1, 3/2 and 5. The coupling constant ξ
increases along the arrow direction. The η attractor is reached in the strong coupling limit.
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FIG. 4. The dependence of ns on the coupling constant ξ.
f(ψ)=ψ1/5
f(ψ)=ψ2/3
f(ψ)=ψ
f(ψ)=ψ3/2
f(ψ)=ψ5
0.01 1 100 104
1.×10-4
5.×10-4
0.001
0.005
0.010
0.050
0.100
ξ
r
FIG. 5. The dependence of r on the coupling constant ξ.
III. CONCLUSIONS
We use the relations between observables and slow-roll parameters for the single field
slow-roll inflation to reconstruct the inflationary potential in the framework of both general
relativity and scalar-tensor theory of gravity by assuming that the slow-roll parameter η
is a constant. For the constant slow-roll inflation with constant η, we first derive (N)
from the relation between  and η, then we get the observalbes r(N) and ns(N). We
compare the theoretical predications with the Planck 2015 observations [2], and the results
are shown in Fig. 1. For N = 60, the 1σ constraint is −0.018 < η < −0.0067, the 2σ
constraint is −0.021 < η < 0.0015, and the 3σ constraint is −0.023 < η < 0.01. For
N = 50, the 1σ constraint is −0.014 < η < −0.0039, the 2σ constraint is −0.018 <
η < 0.0068, and the 3σ constraint is −0.02 < η < 0.0168. These results show that η >
0 is inconsistent with the observations at the 1σ level, so the observation favors η < 0
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and the concave potential V (φ) at the 1σ level. From the relations between φ(N) and
(N), V (N) and (N), we get the reconstructed potential V (φ) = V0 sin(
√−ηφ), and the
result was compared with the reconstructed E model potential in [52]. We find that the
reconstructed potentials are consistent with each other in the observable scale. Finally,
we use the conformal transformation between Jordan frame and Einstein to reconstruct the
class of extended inflationary potentials, and the η attractor is reached in the strong coupling
limit as shown in Fig. 3. We also use the strong coupling condition Eqs. (25) to derive the
constraint on the coupling constant ξ. The derived analytical results are supported by the
numerical results as shown in Figs. 4 and 5.
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